Introduction
Bownik, in a series of papers 1-5 , studied anisotropic function spaces associated with dilations. In the monography 1 he investigated anisotropic Hardy spaces. Suppose that A is an expansive matrix also called dilation in R n , that is, A is an n × n-matrix all of whose eigenvalues λ satisfy |λ| > 1. If φ is a function in the Schwartz class S R n such that R n φ x dx / 0 and f is a distribution in S R n , the dual space of S R n , the radial maximal function M φ f is defined by
where φ k x | det A| −k φ A −k x , x ∈ R n , and k ∈ Z. For every 0 < p < ∞, by square functions involving wavelets coefficients. Our result can be seen as an anisotropic version of the one showed in 10 see also 11 . This paper is organized as follows. In Section 2 we recall the main definitions and properties about the anisotropic setting that we need throughout the paper. We also state our result Theorem 2.2 . The proof of Theorem 2.2 is presented in Section 3.
Preliminaries and Results
We now recall the main definitions and properties concerning the analysis in the anisotropic setting. We refer the reader to 1 where the anisotropic theory associated with expansive matrixes was developed. Suppose that A is an expansive matrix in R n . We denote by Δ an ellipsoid for A such that the Lebesgue measure |Δ| of Δ is equal to 1. For every k ∈ Z, we define B k A k Δ. We consider the mapping ρ :
2.1
Thus, ρ is a homogeneous quasinorm associated with A in the sense of 1, Definition 2.3, page 6 . This means that ρ satisfies the following properties:
where H ρ ≥ 1. In 1, Lemma 2.4, page 6 it was proved that if ρ 1 and ρ 2 are two homogeneous quasinorms associated with A then,
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x P x dx 0, for every polynomial P whose degree is less or equal to s.
Conversely, if f ∈ S R n satisfying a and b where in
Theorem 2.1 is an anisotropic version of the isotropic result established by Fefferman and Soria 12, Proposition, page 8 .
Let ψ ∈ L 2 R n . For every j ∈ Z and k ∈ Z n , we define
We say that ψ is a Bessel A-wavelet if there exists
2.5
ψ is a frame A-wavelet when, for a certain C > 0,
We say that ψ is a tight frame A-wavelet when 2.6 holds with C 1.
As usual if g ∈ L 2 R n we denote by g the Fourier transform of g. We now establish our result where the distributions in H p A R n , 0 < p ≤ 1, are characterized by using square functions involving A-wavelets.
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Theorem 2.2. Let f ∈ S R
n and 0 < p ≤ 1. Assume that ψ ∈ S R n is a tight frame A-wavelet where A is an expansive matrix in R n , such that ψ 0 / 0, supp ψ is compact, and 0 / ∈ supp ψ. Then, the following properties are equivalent:
where for every
Moreover, if one of (and then all) the above conditions is satisfied, then
Bownik proved in 1, Theorem 4.2, page 94 that there exists a tight frame A-wavelet ψ ∈ S R n satisfying the conditions in Theorem 2.2 such that R n f x P x dx 0, for every polynomial P in R n .
Proof of Theorem 2.2
In this section we present a proof of Theorem 2.2. Throughout this section with C we denote a positive constant that can change in each occurrence. a ⇒ c According to 1, equation 2.2 , page 5 , A j x → 0, as j → −∞, uniformly in x ∈ 0, 1 n . Moreover, there exist 0 < η < 1 and δ > 0 for which
Then, for every j ∈ Z and k ∈ Z n , we have
3.3
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Note that
Thus we show that a implies b . b ⇒ c It is clear. c ⇒ b Assume that c holds. For every k ∈ Z, we define
According to our assumption we have that sup k∈Z 2 kp |E k | < ∞. Fix β ∈ 0, γ and k ∈ N. We denote by D k the set defined by
By D k,max we represent the set that consists of all j, l ∈ D k such that Q −j,l is maximal with respect to the order in ≤ D k introduced in 1, Definition 6.4, page 105 . It is clear that
Moreover, |Q −j,l | | det A| j , j ∈ Z, and l ∈ Z n . Hence, there exists j 0 ∈ Z such that j ≤ j 0 provided that j, l ∈ D k . Then, for every j, l ∈ D k , there exists j 1 , l 1 ∈ D k,max for which
For every j, l ∈ D k,max we define
By 1, Lemma 6.5, page 105 , we can find η ∈ N such that for every j, l ∈ D k,max we have
3.10
In the last inequality we have used
By proceeding as in 1, page 107 by induction on j, l ∈ D k,max we find, for every j, l ∈ D k,max , a set
satisfying the following properties:
3.12
3.13
Also, for every m, s ∈ Z k j, l , we get 
3.16
On the other hand, we have that
We conclude that
3.18
Again according to 1, Lemma 6.5 see 3.9 it follows that 
Let ν > 0. We choose k 0 ∈ N such that 2 k 0 ≤ ν < 2 k 0 1 and we define the functions G 1 and G 2 by
3.22
Note that if m, s ∈ Z × Z n and f, ψ −m,s / 0 then there exists
. By 3.10 and 3.21 , since j,l ∈D k,max |Q −j,l | ≤ |E * k |, we infer
3.23
Moreover, since G 2 f x 0 when x / ∈ k≥k 0 1 E * k , by 3.10 , it follows that
3.24
9
Then, we conclude that
3.25
Thus b is proved. c ⇒ d Suppose that c holds. We keep the notation that it was used in the proof of c ⇒ b .
Let ν > 0. We choose k 0 ∈ Z such that 2 k 0 ≤ ν < 2 k 0 1 and we define
By proceeding as in the proof of c ⇒ b we get
Then, since ψ is a tight frame A-wavelet, by using duality, we obtain that
We now consider
We choose ϕ ∈ S R n such that supp ϕ is compact and bounded away from the origin and that l∈Z ϕ A * l y 1, y ∈ R n \ {0}. We are going to prove that
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For every j, l ∈ D k,max , we define
where η > 0 is the one appeared in 3.9 and b > 2 will be chosen later. We also consider
Hence, since j,l ∈D k,max |Q −j,l | ≤ |E * k |, by 3.10 it follows that
3.34
By 3.34 , 3.30 will be proved when we obtain that
Since supp ψ and supp ϕ are compact and 0 / ∈ supp ψ ∪ supp ϕ, there exists M > 0 such that supp ψ −m,s ∩ supp ϕ α ∅, provided that |m − α| > M, m, α ∈ Z, and s ∈ Z n . Let α ∈ Z. We can write
Using Hölder's inequality we get 
3.38
According to 13, page 1482 for any λ > 1 there exists C C λ > 0 for which
Let λ > 0 that will be fixed later. We can write
3.40
Let k ∈ Z, k > k 0 , and j, l ∈ D k,max . Assume that x / ∈ Ω. Then x / ∈ C j, l . By 3.9 we know that
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We have that
By 1, Lemma 3.2 it follows that, for certain γ > 0,
and, for some γ > 0,
Choosing b large enough we get that
Then,
3.48
By 3.40 and 3.48 with λ > 3/2 we obtain that 
3.54
Hence,
x /
∈ Ω : sup α∈Z ϕ α * f 2 x > ν ≤ C ν p . 3.55
